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ABSTRACT. The notion of intuitionistic fuzzy ideal in unital cycloids
based on the fuzzy points is introduced, the related properties are investi-
gated. Characterizations of intuitionistic fuzzy ideal are given, conditions
for an intuitionistic fuzzy set to be intuitionistic fuzzy ideal are provided.
The €,5)-level set is defined, condition in which it becomes ideal is dis-
cussed.
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1. INTRODUCTION

In the study of integrable systems, topological quantum fields and quantum
groups, the quantum Yang-Baxter equation plays an important role. The solving of
the quantum Yang-Baxter equations is a main topic in the mathematical physics,
because it is closely related to algebra, topology and physics. In [1, 2], the algebraic
solution of the quantum Yang-Baxter equation is studied by W. Rump, using the
notion of unital cycloids and L-algebras. The L-algebras are consistently studied in
the field of logical algebras (See [3, 4]). Also, the study of (fuzzy) ideals in unital
cycloids is introduced by Y. B. Jun in [5]. Meanwhile, research related to fuzzy
theory has been steadily conducted until recently (See [6, 7, 8]). In this paper,
I study intuitionistic fuzzy ideals in unital cycloids, by using the fuzzy set theory
based on the fuzzy point. I introduce the notion of intuitionistic fuzzy ideal in unital
cycloid, and investigate several properties. I give characterizations of intuitionistic
fuzzy ideals, and provide the conditions under which an intuitionistic fuzzy set can
be an intuitionistic fuzzy ideal. I consider the €, )-level set, and provide condition
in which it becomes ideal.

This work was supported by 2025 Hannam University Research Fund.
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2. PRELIMINARIES

2.1. Basic results on L-algebras. What is already known about L-algebras is

mentioned here. For more information, please refer to [2, 4, 9], etc.

Definition 2.1 ([2, 9]). Let L be a set with a binary operation “ — ”. An element
{ € L is called a logical unit, if it satisfies:

(2.1) NMaeLl)({ wa=a,a—>a=a—{=1/).

A couple (L, —) is called a cycloid, if it satisfies:
(2.2) (Va,b,ce L)((a - b) 5 (a—¢)= (b= a) = (b —¢)).

If a cycloid (L,—) has a logical unit ¢, then it is called a wunital cycloid and is
denoted by L :=(L, —, ¢).

Definition 2.2 ([2, 9]). An L-algebra is defined to be a unital cycloid £ :=(L, —,
{) that satisfies:

(2.3) Ma,be L) (a—b=b—a={¢ = a=0b).

We define a binary relation “ <p ” in an L-algebra £ :=(L, —, £) as follows.
(2.4) (Va,be L)(a<p b & a—b=1{).

If £ :=(L, —, {) is an L-algebra, then (L, <) is a poset.

Definition 2.3 ([2]). Let £ :=(L, —, £) be a unital cycloid. A subset I of L is
called an ideal of L, if it satisfies:

(2.5) tel,

(2.6) Ma,be L) (acl,a—bel = bel),

(2.7) (Va,beL)(ael = (a—b)—>bel),

(2.8) (Ma,beL)(acel = b—acl,b—(a—b)el).

2.2. Basic results on the (intuitionistic) fuzzy set theory. A function f :
L — [0,1] is called a fuzzy set in a set L, and the complement of f is denoted by —f,
and is given as follows:

-f:L—10,1], z— 1— f(x).

For every fuzzy sets f and g in L, we say f < g if f(z) < g(z) for all z € L.
A fuzzy set f in a set L of the form

_Jte(0,1] ifa=c
f(a)'_{O if a#c

is said to be a fuzzy point with support ¢ and value ¢ and is denoted by c¢;.
The concept of intuitionistic fuzzy set was introduced by Atanassov (See [10, 11,
]) as follows: An intuitionistic fuzzy set (briefly, IF-set) on a set L is an expression
I given by

I:={(z, f1,01) | x € L}

where f1 and gr are fuzzy sets in L such that 0 < fi(x) + gr(z) <1 for all z € L.
2
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Every fuzzy set f in a set L is obviously an intuitionistic fuzzy set having the

form {(z, f,—f) | = € L} (See [L1]).

The notion of intuitionistic fuzzy point is considered in the paper [13, 14] as
follows: Given elements a € L and (¢,s) € (0,1] x [0,1) satisfying ¢ + s < 1, the
intuitionistic fuzzy set

(2.9) at,s) = (T, a,ma1-5) | v € L}

is called an intuitionistic fuzzy point in L.
Let I := {(z, fi,01) | * € L} be an IF-set in L. An intuitionistic fuzzy point
ag,s) = {{z,as, a1 ) | v € L} is said to be

e contained in I := {(z, f1,g1) | * € L}, denoted by a(; ) € I, if a; < fr and
—ai_s > g1, or equivalently, fi(a) >t and gr(a) < s.

e quasi-coincident with I := {(z, fi,g1) | = € L}, denoted by ay s qI, if
fi(a)+t>1and gr(a) +s < 1.

If ag,s) BT is not established for 3 € {€, ¢}, it is denoted by a(,s) B1I. The set

I(€t7s) = {a €L | Qt,s) € I}

is called the € )-level set of L. It is clear that
I(Et’s) = U(fb t) N L(gL 8)

where U(f1,t) := {c € L | fi(c) >t} and L(gr,s) := {c € L | gi(c) < s}, which are
called the upper t-level set and the lower s-level set of I := {(x, f1,91) | * € L}.

3. INTUITIONISTIC FUZZY IDEALS

We define intuitionistic fuzzy ideal in a unital cycloid based on intuitionistic fuzzy
points.

Definition 3.1. Let £ :=(L, —, ¢) be a unital cycloid. An IF-set I:= {{(x, f1,g1) |
x € L} in L is called an intuitionistic fuzzy ideal (briefly, IF-ideal) of L :=(L, —, {),
if
(3.1) e €1 = Ly €1,

Tit;6) €L (T = Y)(t2.52) €1 = Ymin{tr 12} max{sr,s0}) € L,

Tis) €L = (@=y) = y)es €L
(y = 2)ps €1, )

(3.4) Tesy €l =
) (W= (@ = 9)) €1
for all x,y € L and (¢, s), (t;,s;) € (0,1] x [0,1) where i = 1,2.

We first present the necessary and sufficient conditions for the IF-set to be an
IF-ideal.
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Theorem 3.2. Let L :=(L, —, £) be a unital cycloid. An IF-set 1 := {{(z, f1,91) |
x € L} in L is an IF-ideal of L :=(L, —, £) if and only if it satisfies:

(3.5) (Vz € L)(fi(l) > fi(x), g1(¢) < g1(x)),
fiy) = min{ f1(z), fi(z = y)}
30 (Fryed) < o1(y) < max{ar(@), g1(z - 1)} ) |
(3.7) (Vz,y € L)(fi((x = y) = y) = filz), g1((xz = y) = y) < g1(z)),
1(

fily = ) = fi(x), g1y = z) < gi(x)
38 Pyl < fily = (2 = y)) = filz), g1(y = (2 = y)) < g1(2) ) '

Proof. Assume that I := {(x, fi,g1) | © € L} in L is an IF-ideal of £ :=(L, —,
). Since x(f(2),q(x)) € I for all x € L, it follows from (3.1), (3.3) and (3.4)
that l(p@).a@) €L (2 2 9) = )@ ae) € L (¥ = 2)(i@,.ae) € 1 and
(y — ({E — y))(fl(x),gl(x)) € I. Then

fill) > fi(x), g1(f) < g1 (),

hlz = y) = y) = filz), g1z = y) = y) < gi(),

fily = z) > filz), g1y — 2) < g1(2),

Ay = (@ = y) = fil@), g1ly = (@ = ) < g1(2)
for all z,y € L. Note that (s (2).g(2)) € I and (2 — ¥)(fr(z—y),01(z—y)) € I for

all 2,y € L. Thus Yomin{fi(2), fu(@—y)} max{gr () gr(@—y)}) € Lby (3.2). So fily) =
min{ fi(z), fi(z — y)} and gi1(y) < max{g1(z), g1(z — y)}.

Conversely, let I := {(z, f1,g1) | * € L} be an IF-set in L that satisfies (3.5),
(3.6), (3.7), and (3.8). Let = € L and (t,s) € (0,1] x [0,1) be such that z( ) € L
Then fi(z) >t and gr(x) < s. If we use (3.5), (3.7) and (3.8), it leads to

i) > fi(z) > t, g1(¢) < g1(x) < s,

fillz = y) = y) > filz) > ¢, gi((z = y) = y) < g1(z) < s,
fily =) > fi(z) > t, gily = x) < gi(x) < s,
fily = (=) =2 filz) 2t g1y = (2 = y) <gi(z) <5

forall y € L. Thus £ € I, ((z = %) = Y €L (¥ = )4 € 1 and
(y = (x—=y))ws €L Now let z,y € L and (t1, s1), (t2,32) € (0,1] x [0,1) be such
that z(;, 5,) € Tand (z — y)(tZ,Sz) € I. Then fi(z) > t1, gi(x) < s1, filx — y) > to,
and gr(z — y) < so. It follows from (3.6) that

fily) > min{fi(z), fi(z — y)} > min{t;,t2}
and
g1(y) < max{gr(x), g1(z — y)} < max{sy,sa}.

Thus Y(min{t,,t2},max{si,s2}) € I So L:={(x, fr,g1) | * € L} is an [F-ideal of £ :=(L,
—, 0). O

Theorem 3.3. Let L :=(L, —, {) be a unital cycloid. An IF-set I := {{(z, f1,91) |
x € L} in L is an IF-ideal of L :=(L, —, £) if and only if the nonempty upper t-level
4
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set U(f1,t) and the nonempty lower s-level set L(gr, s) are ideals of L :=(L, —, {)
for all (t,s) € (0,1] x [0,1) satisfying t+ s < 1.

Proof. Assume that I := {{(x, f1,g1) | * € L} is an IF-ideal of £ :=(L, —, £). Let
(t,s) € (0,1] x [0,1) be such that t + s < 1 and U(f1,t) # & # L(gr,s). It is clear
that ¢ € U(f1,t) N L(g1,s). Let z,a,y,b € L. If (z,a) € U(f1,t) X L(gr,s) and

(= g0 — b) € U(fut) x Ligr,s), then fi(x) > t, file — y) > 1, (@) <
and gr(a — b) < s. It follows from (3.6) that fi(y) > min{fi(x), filz — y)} >t
and gr(b) < max{gr(a),gi(a — b)} < s. Thus (y,b) € U(f1,t) x L(gr,s). Let
(z,a) € U(f1,t) x L(g1,s). Then fi(z) > ¢ and gi(a) < s. Using (3.7) and (3.8),
we have fi((z = y) = y) = fi(z) = ¢, gi((a = b) = b) < gi(a) < s, fily —
1) > i) > 6 ogilb - @) < (@) < 5, fily > @ = ) > fi(@) > ¢ and

g1(b = (a = b)) < gi(a) < s. Thus
((z =y) =y, (a—=b) = b) e U(f1,t) x L(gr, s),
(y = x,b — a) € U(f1,t) x L(g1, s) and
(y—=(z—=y)b—=(a—=b))eU(fr,t) x Llgr, ).

So U(f1,t) and L(g1, s) are ideals of £ :=(L, —, £).

Conversely, suppose the nonempty upper t-level set U(f1,¢) and the nonempty
lower s-level set L(gr,s) are ideals of £ :=(L, —, ¥¢) for all (¢,s) € (0,1] x [0,1)
satisfying ¢ +s < 1. For any x € L, let (fi(z),g1(z)) = (¢,8). Then = € U(f1,t) N
L(g1,s), so U(f1,t) # @ # L(gr,s). Since U(f1,t) and L(g1, s) are ideals of £ :=(L,
—, 0), we get £ € U(fr,t) N L(gr,s). Hence fi({) > ¢t = fi(z) and g1(¥) < s =
gi(x), so (3.5) is valid. If (3.6) is not valid, then there exist z,y,a,b € L such
that fi(y) < min{fi(z), fi(z — y)} or g1(b) > max{gr(a),gr(a — b)}. If we take
to = 1(fu(y) + min{ fi(x), fi(x — y)}) or 50 = L(gu(b) + max{gr(@), (@ — b)}),
then fi(y) < to < min{fi(x), filx — y)} or gi(b) > so > max{gr(a),g1(a — b)}.
If fily) < to < min{fi(z), fi(x — y)}, then = € U(f1,%) and = — y € U(f1,t0),
but y ¢ U(fr,t0). If g1(b) > so > max{gi(a),gr(a — b)}, then a € L(gr, so)
and a — b € L(g1,s0), but b ¢ L(g1,s0). This is a contradiction to (2.6), so
(3.6) is valid. If fi((zx — y) — v) < fi(z) or gi((x — y) — y) > gi(x) for
some z,y € L, then (x — y) —» y ¢ U(f1, fi(z)) or (x — y) = y & L(gr,g1(x)).
But «z € U(f1, fi(z)) and = € L(gr,g1(z)). This is a contradiction to (2.7), so
fillz = y) = y) = filz) and g1((z — y) — y) < g1(z) for all 2,y € L. Thus
(3.7) is valid. If fily — =) < fi(z) or gily — z) > gi(x) for some z,y € L,
then y — « ¢ U(f1, fi(z)) or y — = ¢ L(gr,g1(z)). But « € U(f1, fi(z)) and
x € L(g1,g1(x)) which is a contradiction to (2.8). Hence fi(y — x) > fi(z) and
g1y = x) < gi(z) for all z,y € L. Also, if fily — (z — y)) < fi(z) or gi(y —
(x — y)) > gi(x) for some z,y € L, then € U(ft, fi(z)) and = € L(g1, g1(x)). But
y— (@ = y) ¢ U(f1, filz)) or y = (x — y) ¢ L(g1,g1(x)). This is a contradiction
to (2.8) and thus fi(y — (z — ) > fi(z) and gi(y — (x — y)) < g1(z) for all
x,y € L. So (3.8) is valid. Consequently, I := {(x, f1,g1) | * € L} is an IF-ideal of
L :=(L, —, £) by Theorem 3.2. O
Corollary 3.4. IfI:= {{(z, f1,g1) | € L} is an IF-ideal of a unital cycloid L :=(L,
—, L), then the nonempty € s)-level set I(t 5 is an ideal of L :=(L, —, {) for all
(t,s) € (0,1] x [0,1) satisfying t + s < 1.

)
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Theorem 3.3 makes it easy to find examples of IF-ideals.

Example 3.5. Let L = {{, z,a} be a set with the Hasse diagram and Cayley table
as follows:

Hasse diagram of (L, <r,) Cayley table for “ — 7

Then £ :=(L, —, £) is a unital cycloid. Define an IF-set I := {{(z, f1,g1) |z € L} in
L as follows:

0.68 ify=1¢,
fi:L—10,1], y— < 053 ify=uz,
0.36 ify=a,
and
0.27 ify="¢,
gr: L—10,1], y— ¢ 041 ify=ux,
0.59 ify=a.

Then the upper t-level set U( f1,t) and the lower s-level set L(g1, s) of I := {(z, f1, g1) |
x € L} are calculated as follows:

if t € (0.68, 1],

@ (
) e ifte (0.53,0.68],
Ut =3 {ra) ifte (0.36,0.53),
L (

if t € (0,0.36],
and
%) if s € [0,0.27),
) {ry ifse0.27,0.41),
L) =\ (e} ifse[0.41,0.59),
I if s € [0.59,1).

It is routine to check that {¢}, {¢,z} and L are ideals of £ :=(L, —, £). Therefore
I:={(z, fi,01) | © € L} is an IF-ideal of £ :=(L, —, ¢).

Using a collection of ideals, we make an IF-ideal.

Theorem 3.6. Let {I; |t € A} be a collection of ideals of a unital cycloid L :=(L,
—, £) such that L = J,cp It and

(Vt,seA)(s>t & I, C L),
where A C [0,1]. If we define an IF-set I := {{(z, f1,g1) | © € L} in L by

filx) =sup{t e A|z e I}
(V$€L)( gi(z)=inf{teA|ze L} )’
then I:= {{(z, f1,g1) | * € L} is an IF-ideal of L :=(L, —, {).
6
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Proof. According to Theorem 3.3, it is sufficient to show that U(f1,¢) and L(gr, )
are ideals of £ :=(L, —, {) for every t € (0, f1(¢)] and s € [g1(¢),1). We first consider
the two cases:

(i)t=sup{re A|r<t}, (ii) t Zsup{r e A|r <t}.
For the first case, we get

zeU(fi,t) e (Vr<t)(zel)ezxe ﬂ[r.

r<t

Then U(f1,t) = (),«, I which is an ideal of £ :=(L, —, £). For the second case,
we want to show U(f1,t) = U,~; Ir. If x € U,, I, then z € I, for some r > t.
Thus fi(z) > r >t Sox € U(fr,t). Ifx ¢ U,>, I, then = ¢ I for all r > t.
Since t # sup{r € A | r < t}, there exists ¢ > 0 such that (¢t —¢,¢) " A = @. Thus
x¢I. forallr >t—e. Soif x € I, then r <t —e. Hence fi(z) <t —e <t ie.,
x ¢ U(f1,t). Therefore U(f1,t) = U, >, Ir = I; and it is an ideal of £ :=(L, —, /).
In order to prove that L(gg, s) is an ideal of £ :=(L, —, £), we consider the following
cases:

(iii) s=inf{r e A | r > s}, (iv) s #inf{r e A | r > s}.
The case (iii) implies

x€L(gr,s) e (Vr>s)(zel,)exe ﬂ I..
r>s

So L(g1,5) = >, Ir which is an ideal of £ :=(L, —, £). The case (iv) implies that
there exists € > 0 such that (s,s +e)NA=0. If x € |, I, then = € I, for some
r <s. Thus gr(z) <r <s. Soxz € L(gr,s). Ifx ¢ U, I, thenz ¢ I, for all r < s
sox ¢ I, for all » < s +¢, that is, if # € I, then r > s +¢. Thus gr(z) > s+¢ > s,
ie., x ¢ L(g1,s). So L(gr,s) = U, <; Ir = I5,, where s = inf{r € A | r < s}, and it
is an ideal of £ :=(L, —, £). Consequently, I := {(x, f1,g1) | * € L} is an IF-ideal
of L :=(L, —, ¢) by Theorem 3.3. O

Proposition 3.7. Let I := {(z, f1,g1) | * € L} be an IF-set in a unital cycloid L
:=(L, =, ). If I satisfies

(3.9) Ly €Tor £y ql,
(z—=y) =Y ws €Tor (z—y) = y)usql,
(3.10) T €1 = (Y = 2)@,s) €ETor (y = 2)1,6) q1,

(Y= (x—=y)ws €lor (y—=(x—=y)wsal,
7
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forall z,y € L and (

€ (0,1] x [0,1), then we have
(3.11) (Vx e L) )

> min{ f1(x), 0.5}, g1(¢) < max{gr(z),0.5}).

—~~ T~
=

(3.12) (V2. ¥ €L\ oz = y) = ) < max{or(z), 0.5}

( (
(
fily = ) > min{ f1(z), 0.5}
(3.13) (Vz,y € L) ( gi(z j 7)< max{gll(m)’ 0.5) ) :
(
(

y — (x — y)) > min{ fi(z),0.5} )
y — (x = y)) <max{gi(x),0.5} )’

fillz = y) = y) > min{ fi(z), 0.5} ) ,

(3.14) (Vz,y € L) (

Also, if 1 satisfies

(Vx,y S L)(V(tl, 81), (tg, 82) S (0, 1] X [0, 1))
(3.15) ( T(ty,s1) € I, (x — y)(t%sz) cl = )
Ymin{(t1,51),(t2,52)} € L OT YUmin{(t1,51),(t2,50)} 41 )~

then fi(y) > min{fi(z), fi(x — y),0.5} and g1(y) < max{gi(z), gi(z — y),0.5} for
all xz,y € L.

Proof. Suppose I satisfies (3.9) and (3.10). If (3.11) is not valid, then
f1(0) < t < min{ fi(z),0.5} or gr(£) > s > max{gr(z),0.5}

for some 2 € L and (t,s) € (0,1] x [0,1). Thus (t,s) € (0,0.5] x [0.5,1) and £(; ;) €1.
Since f1(€)+t < 1or gi(£)+s > 1, we get £(; 5) 1. This is a contradiction. So (3.11)
is valid. Suppose (3.12) is not true. Then there exist z,y € L and (¢, s) € (0,1]x[0,1)
such that
fillz = y) = y) <t <min{ fi(z),0.5}

or gi((x = y) — y) > s > max{gi(z),0.5}. Thus (¢,s) € (0,0.5] x [0.5,1), ((z —
Y) = Y),s) €L Also, fi((z — y) — y) +t <2t < 1since t < 0.5, or g1((x — y) —
y) +s5 > 2s > 1since s > 0.5. So ((x — y) = y)(+,s) L. This is a contradiction.
Hence fi((z — y) — y) > min{ fi(x),0.5} and ¢g1((z — y) — y) < max{gi(x),0.5}
for all z,y € L. In the same way as the proof of (3.12), we can prove (3.13) and (3.14).
Finally, suppose I satisfies (3.15). Let z,y € L. Assume that min{fi(z), fi(x —
y)} < 0.5 and max{gr(z),gr(z — y)} > 0.5. If fi(y) <t < min{fi(z), fi(zr — y)} or
g1(y) > s > max{gr(z),g1(z — y)}, then (¢,s) € (0,0.5) x (0.5,1). It follows that
Ymin{(t,s),(t,s)} = Y(t.s) € L. AlSO, Ymin{(z,s),(t,s)} = Y(t,s) ¢1. This is a contradiction.
Thus

fily) 2 min{fr(z), fi(z — y)} and gi(y) < max{gi(z), gr(z = y)}.
If min{ f1(x), fi(z = y)} > 0.5 and max{gr(z), gi(x — y)} < 0.5, then

Tmin{0.5,0.5) € I and (z = Y)minfo.5,05) € L.

It follows from (3.15) that Y05 = ¥min{0.5,05) € I OF Y0.5 = Ymin{0.5,05; ¢L. So

fily) > 0.5 and g1(y) < 0.5. If fi(y) < 0.5 or gi(y) > 0.5, then fi(y) + 0.5 <

0.54+0.5 = 1 or g1(y) +0.5 > 0.5+0.5 = 1, Thus y(9.5,0.5) ¢I. This is a contradiction.

So fi(y) > min{fi(z), fi(x — y),0.5} and gr(y) < max{gr(x), gi(z — y),0.5} for all

z,y € L. O
8
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In a unital cycloid £ :=(L, —, £), if an IF-set I := {(x, f1,g1) | © € L} satisfies
(3.9), (3.10) and (3.15), we say I an (€, € Vq)-IF-ideal of L :=(L, —, {).

Theorem 3.8. LetI:= {(z, f1,01) | € L} be an IF-set in a unital cycloid L :=(L,
0). If I is an (€,€Vq)-IF-ideal of L :=(L, —, £) satisfying fi(z) < 0.5 < gi(x)
for all x € L, then it is an IF-ideal of L :=(L, —, £).

Proof. Let (t,s) € (0,1] x [0,1) be such that U(f1,t) # @ # L(g1,s). Then there
exist x € U(f1,t) N L(g1,s). Thus fi(¢) > min{fi(x),0.5} = fi(z) > t and g1(¢) <
max{gi(x),0.5} = gi(x) < s. So £ € U(f1,t) N L(gr,s). If x € U(fr,t) N L(g1
and ¢ — y € U(f1,t) N L(g1,s), then fi(z) > t, fi(z = y) > t, gi(z) < s
gi(z — y) < s. It follows from Proposition 3.7 that fi(y) > min{ fi(z), fi(x
¥),0.5} = min{ fi(z), fi(r = y)} >t and

91(y) < max{gi(z), gr(z = y),0.5} = max{gi(z), gr(x = y)} <.
Thus y € U(f1,t)NL(g1,s). Let x € U(f1,t)NL(g1,s). Then fi(z) >t and gi(z) < s.
Using (3.12), we get fi((z — y) — y) > min{ fi1(x),0.5} = fi(z) >t and
gi((x — y) = y) <max{gi(x),0.5} = gi(z) < s

Thus (x — y) — y € U(f1,t) N L(g1,s). By the similar way, we can show that
if © € U(f1,t) N L(g1,s), then y — = € U(f1,t) N L(g1,s) and y — (x — y) €
U(f1,t) N L(g1,s). Thus U(f1,t) and L(g1, s) are ideals of £ :=(L, —, £). So I :=
{{z, fr,g1) | © € L} is an IF-ideal of £ :=(L, —, £) by Theorem 3.3. O

)
and
_>

Theorem 3.9. LetI:= {(z, f1,g1) | * € L} be a nonzero-nonunit IF-set in a unital
cycloid L :=(L, —, £), that is, there exists a € L such that fi(a) # 0 and gr(a) # 1.
If I is an IF-ideal of L :=(L, —, {), then the set

I, ={zcL| fi(x) >0, gi(z) < 1}
is an ideal of L :=(L, —, {).

Proof. 1f ¢ ¢ I}, then fi(¢) = 0or gi(f) = 1,500 = f1(¢) > fi(z) or 1 = g1(¢) < gi(z)
for all z € L. Thus f(z) =0 or gi(x) = 1 for all z € L, which is a contradiction. So
¢ €T} Let x,y € L be such that = € I} and 2 — y € I}. Using Theorem 3.2, we
have

fi(y) = min{ fi(z), fi(z — y)} > 0,

g1(y) < max{gi(z), g1(z = y)} <1,

fillz = y) = y) > filz) >0, gi((z = y) = y) < gi(x) <1,
fily = 2) > fi(z) >0, g1y = =) < gi(x) < 1,

Hence y € I,

(y
fily = (= y) > filz) >0, 1y = (z = y)) < gi(x) < 1.
(z
an ideal of £ =

—y)—yell,y—zel}andy— (x—y) €I} Therefore I} is
L,

(L, =, 0). O

Let I:= {{(x, f1,91) | * € L} be an IF-set in a unital cycloid £ :=(L, —, ). For
every (t,s) € (0,1] x [0,1), consider the sets

Q(fi,t) ={zeL| filx)+t>1}, Qg1,8) ={z € L | gi(z) +s < 1}.
9
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Theorem 3.10. Let I := {(z, f1,91) | * € L} be an IF-set in a unital cycloid L
:=(L, —, ). If1is an IF-ideal of L :=(L, —, {), then the nonempty sets Q(f1,t)
and Q(g1, s) are ideals of L :=(L, —, £) for all (t,s) € (0,1] x [0,1).

Proof. Suppose Q(f1,t) and Q(g1, s) are nonempty for all (¢,s) € (0,1] x[0,1). Then
there exists b € Q(f1,t) N Q(gr,s). Thus fr(f) +¢ > fr(b) +¢ > 1 and g1(¢) + s <
gi(b) + s < 1. So £ € Q(f1,t) N Q(g1,8). Let x,y € L. If x € Q(f1,t) N Q(g1,s) and
=y € Q(ft,t) NQgr, s), then

fily) + ¢t > min{ fi(z), fi(zr = y)} +t = min{ fi(z) + ¢, filr = y) +t} > 1,

g1(y) + s < max{gi(z), g1(z = y)} + s = max{gi(z) + s, 91(x — y) + s} <1,
Nl —=y) =y)+t = filz) +t> 1,

gz —=y) =y +s<glx)+s<l,

Aly—z)+t> filz) +t>1,

gy = x)+s<gi(z) +s<1,

fly = (@ —=y) +t = filz) +t>1,
gly—=(x—y)+s<glz)+s<l

Thus RS Q(flat) N Q(9175)7 (l’ — y) — Y€ Q(flat) N Q(glas)v Yy—zxe Q(f17t) N
Q(g1,5), and y — (z = y) € Q(f1,t) N Q(g1, 5). So Q(f1,t) and Q(g1, s) are ideals
of £ :=(L, —, 0). O

Proposition 3.11. Let I := {{(x, f1,91) | © € L} be an IF-set in a unital cycloid
L :=(L, =, 0). If Q(f1,t) and Q(gr,s) are ideals of L :=(L, —, £) for all (t,s) €
(0,1] x [0,1), then the following holds.

(3.16) (¥(t,s) € (0,0.5] x [0.5,1)(¢ € IF, ).
(V$ Yy € L)(V(tl,sl) (t2,52) (O 0. 5] [05 1))

3.17

( ) (‘T(fl 51) qI ((E - y)(f2 s2) qI = yE I(max{tl tg},mm{sl,sz}))
(Vz,y € L)(V(t, s) € (0,0.5] x [0.5,1))

(3.18) (x—>y)—>yEI(t8)

T ql = y—>x€I(ts)
y— (z—y) €15

Proof. Assume that Q(f1,t) and Q(gr,s) are ideals of £ :=(L, —, £). If £ ¢ I(Et’s)
for some (t,s) € (0,0.5] x [0.5,1), then £ ;) €L. Thus fi(£) <t <1—tor gi(¢) >
s>1—s. Sol ¢ Q(f1,t) or £ ¢ Q(g1,s) which is a contradiction. Hence (3.16) is
valid. Let x,y € L and (t1,s1), (t2,52) € (0,0.5] x [0.5,1) be such that z(, 5,)qI
and (2 — Y)(t,,5,) 1. Then

fi(z

filz = y) + max{ti,t2} > filr = y) +t2 > 1,

g1(z) + min{sy, s2} < gr(z) +s1 < 1,

g1(z — y) + min{sy, s2} < gi(x = y) +s2 < 1,
10
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which imply that € Q(fr, max{ti,t2}), * — y € Q(f1, max{t1,?2}), z € Q(g1, min{s1, s2})
and x = y € Q(g1, min{sy, s2}). Since Q(f1, max{t1,t2}) and Q(gr, min{sy, s2}) are
ideals of £ :=(L, —, {), it follows that

y € Q(f1, max{ty, t2}) N Q(gr, min{sy, s2}).
Thus fi(y) > 1 — max{t;, ta} > max{t1,t2} and
91(y) <1 —min{sy, s2} < min{sy, s2}.

So y € U(fr,max{t,t2}) N L(gr, min{s1, 52}) = I . /) 11 minger,sn))- Hence (3.17)
is valid. Let 2,y € L and (t,s) € (0,0.5] x [0.5,1) be such that x4 ¢I. Then
filx) +¢t > 1 and gr(z) + s < 1, so € Q(f1,t) N Q(gr,s). Since Q(f1,t) and
Q(g1, s) are ideals of L :=(L, —, ¢), we have (x — y) — y € Q(f1,t) N Q(y1, 9),

y%IGQ(flat)mQ(gLS) andy—)(x—>y) EQ(fIat)mQ(gLS)' Thus
fllz—=y) =y >1—-t>t, gz - y) =y <1—s5<s,
fily—mx)>1—-t>t, gily—xz)<1—-s<s,
fly=(@—y)>1-t>t gly—(z—y) <l-s<s,

which imply that (z — y) — y € U(f1,t) N L(g1,s) = I(Et’s)7 y = x € U(fr,t)N
L(gIaS) =1

sy a0dy = (= y) € U(fr,t)N L(gr, s) = I(et 5 S0 (3.18) is valid. [

Proposition 3.12. Let I := {(x, f1,g1) | * € L} be an IF-set in a unital cycloid
L :=(L, —, 0). If Q(f1,t) and Q(g1,s) are ideals of L :=(L, —, £) for all (t,s) €
(0,1] x [0,1), then the following holds.

(Vl‘, (TS L)(V(tl, 81), (tg, 82) € (0.5, 1] X [O, 05))
(x(tl,sl) el (ﬂf — y)(tQ,SQ) €l = Y(max{ti,t2},min{s1,s2}) qI))
(Vz,y € L)(Y(t,s) € (0.5,1] x [0,0.5))

(3.20) . (x—=y)— y%u,s) qI
s €= (Y= 2)1s4

(Y= (r = y))saql

Proof. Let z,y € L and (t1,51), (t2,52) € (0.5,1] x [0,0.5) be such that z¢, 5,y €I
and (2 — ¥)(y,s0) € I Then fr(x) > t1 > 1 —t1, filr = y) > ta > 1 — ty,
g1(z) < 51 <1—s7 and gr(z — y) < s2 < 1 — s9, which imply that

r € Q(f1,t1) C Q(ft, max{ti,t2}), v =y € Q(f1,t2) C Q(f1, max{t,t2}),
z € Q(g1,51) € Q(g1, min{s1,s2}), =y € Q(g1,51) € Q(g1, min{sy, s2}).

Since Q( f1, max{t1,t2}) and Q(gr, min{si, s2}) are ideals of L :=(L, —, ¢), it follows

that y € Q(f1, max{t1,t2}) and y € Q(gr, min{s1, s2}). Thus fr(y) +max{t1,ta} > 1
and gr(y) + min{sy, so} < 1. This shows that

(3.19)

Y(max{ti,t2},min{s1,s2}) 4 I)

Now, let z,y € L and (t,s) € (0.5,1] x [0,0.5) be such that z( ) € I. Then
filr) >t>1—tand gi(z) <s<1—s. Thus z € Q(f1,t) N Q(g1, s). Since Q(f1,1)
11
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and Q(gr, s) are ideals of £ :=(L, —, £), we have (x — y) = y € Q(f1,t) N Q(91, 9),
y—=x€Q(f1,t) NQgr,s), and y = (2 = y) € Q(f1,t) N Q(gr1, 8). So
fl(z=y) =y +t>1 gil(z—=y) =y +5 <1,
fily—x)+t>1, gily = x)+s <1,
Aly—=(@—=y)+t>1 gy = (@ —y) +s< L.

Hence ((z — y) = Y al, (y = 2)us gl and (y = (z — y))u,s ¢l This
completes the proof. O

Theorem 3.13. Let I := {(z, f1,g1) | * € L} be an IF-set in a unital cycloid L

:=(L, —, £). If 1 satisfies

(3.21)  (Vz € L)(¥(t,s) € (0.5,1] x [0,0.5))(xt,s) T = €5y € T or £ ) qT),

(Vz,y € L)(V(t1,51), (t2,52) € (0.5,1] x [0,0.5))
(3.22) < (x(thsl) ql, (z — y)(t2,32) ql = ) )
Y(min{t1,t2},max{si,sz}) € L OF Yimin{ts to},max{si,s2}) ¢ 1)

(Vz,y € L)(V(t,s) € (0.5,1] x [0,0.5))

(= y) = y)us €Lor (x—=y) = Yusal,
T ql = 3 (Y= 2)s €Lor (y = )rs ql, ,

(= (@ =y €Lor (y = (= y))esql

then the nonempty sets Q(fi1,t) and Q(g1,s) are ideals of L :=(L, —, £) for all

(t,s) € (0.5,1] x [0,0.5).

Proof. Suppose Q(f1,t) # & # Q(gr, s) for every (t,s) € (0.5,1] x [0,0.5). If we pick
¢ € Q(f1,t) N Q(g1,s) such that fi(c) = gi(c) = 0.5, then ¢y 4y gI. Thus £ 4 €1
or L4 qI) by (3.21). If £y ) € I, then fi({) >t >1—tand gi(f) < s <1—s.
Thus £ € Q(f1,t) N Q(gr1,5). Tt is clear that if £ o) ¢ I, then £ € Q(f1,t) N Q(g1,5).
Let z,y € L and (¢,s) € (0.5,1] x [0,0.5) be such that x € Q(f1,t) N Q(g1,s) and
r—y € Q(fr,t)NQ(g1,s). Then ¢, 5y qI and (x — y)«,s) ¢ I. Tt follows from (3.22)
that y« s) € T or yq s ¢I. It is obvious that if y¢ 5 ¢ I, then y € Q(f1,1) N Q (g1, 5).
If yies) €L, then fi(y) >t >1—tand gi(y) <s<1—s,50y € Q(f1,t) N Q(g1,5).
Suppose z € Q(f1,t) N Q(gr,s) and let y € L and (¢,s) € (0.5,1] x [0,0.5). Then
T4, q1. Using (3.23), we have
(i) (= y) =Y ELor (= y) = Yrsal,

(i) (y = x)ps €Tor (y =)y €1

(i) (y = (== y))ps €Tor (Y = (2 = y))@s L.
For the first case, if ((z = y) — y)«s) ¢ I, then clearly

((E - y) —ye Q(f17t> N Q(gI,S)~
If (z —=y) = Y)s €L, then fi((z = y) = y) >t>1—tand

(3.23)

gz =y) =2y) <s<l-s,
that is, (x = y) — vy € Q(f1,t) N Q(gr, s). As in the case of (i), for the case of (ii)
and (iii), we can show that y — x € Q(f1,¢) N Q(g1,s) and

Consequently, Q(f1,t) and Q(g1, s) are ideals of £ :=(L, —, £). O
12
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